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Scientific number notation

602 00 . . . 0︸ ︷︷ ︸
21 times

= 6.02× 1023

±d0.d1d2 . . .dp−1 × βe =

p−1∑
i=0

diβ
−i × βe, (0 ≤ di < β)

602× 1021︸ ︷︷ ︸
unnormalised

= 6.02× 1023︸ ︷︷ ︸
normalised

= 0.602× 1024︸ ︷︷ ︸
unnormalised

Saulius Gražulis Floating point numbers Vilnius, 2021 2 / 26



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Floating point numbers

±d0.d1d2 . . .dp−1 × βe = ±
p−1∑
i=0

diβ
−i × βe, (0 ≤ di < β)

β = 2

0.110 ≈ +1.100110011001100110011012 × 2−4

Sign (of the significand)
Exponent
Significand (mantissa, fraction)
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IEEE 754 Standard

Binary (β = 2, (IEEE 1985)) and decimal (β = 10, (IEEE
2008)) formats
Single, double, single-extended and double-extended
precision (IEEE 1985), half-precision (16 bits), quad
precision (128 bits) and octuple precision (256 bits) and
longer interchange formats (IEEE 2008)
Special values: not-a-number(s) (NaN), infinities (±∞),
signed zeroes (±0)
Denormalised numbers
Roundoff control
Masked exceptions
Specifies precision of operations
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IEEE 754 Standard encoding

Significand: represented as signed magnitude
Exponent: uses biased representation (excess 2n−1 − 1 for n
exponent bits)
Exponent range: −(2n−1 − 2)−+(2n−1 − 1)
(e.g. −126−+127 for the 8 bit eksponent)
Fraction (significand): hidden (assumed) bit used for
normalised numbers

0.110 ≈ 1.100110011001100110011012 × 2−4

Example: 0.1 in single precision FP:

p: 23 + 1 bit e: −126− 127 (8 bits ); bias = 28−1 − 1 = 128− 1 = 127
f = 1.10011001100110011001101
e = 127 + (-4) = 12310 = 011110112

0 01111011 10011001100110011001101
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Normal(ised) numbers

0.1562510 = 0.001012︸ ︷︷ ︸
not normalised

= ±1.01× 2−3

e = 127 + (−3) = 12410 = 011111002

Representation:
Float 32 (float; single precision):

0 01111100 01 00 . . . 0︸ ︷︷ ︸
21 zero
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Denormalised numbers

1.02 × 2−13010

For a single precision floating point,

emin = −12610 ⇒ Can not normalise!
Note that:

emin + bias = 12710 + (−12610) = 1 = 0000_00012

For the 0000_0000 biased exponent, interpretation is changed:

0 0000 0000 000100 . . . 0︸ ︷︷ ︸
19 zeros

= +0.00012 × 2−12610 = +0.062510 × 2−12610

exponent is −126, not −127 !
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Why bother about denormalised numbers

Gradual underflow

HPC Fall 2007 61/15/08

IEEE 754 Floating Point

 Most significant bit of the significand d0 not stored

 Normalized numbers: ±1.dd…d 2e

 Denormalized numbers: ±0.dd…d 2emin-1

denormalized

numbers

(Engelen 2008)

if (a != b) { x = a/(a-b); }
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Zeroes

0 0000 0000 00 . . . 0︸ ︷︷ ︸
23 zeros

= 0

1 0000 0000 00 . . . 0︸ ︷︷ ︸
23 zeros

= −0

1

0
= ∞

1

−0
= −∞

if (a > b) { x = log(a-b); }

(Engelen 2008)
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Infinities

Still not used the all 1s exponent, 1111_1111

0 1111 1111 00 . . . 0︸ ︷︷ ︸
23 zeros

= ∞

1 1111 1111 00 . . . 0︸ ︷︷ ︸
23 zeros

= −∞

1

0
= +∞;

1

+∞
= +0

1

−0
= −∞;

1

−∞
= −0
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Not a number: NaN

0 1111 1111 11 . . . 0︸ ︷︷ ︸
not all 23 positions are zeros

= qNaN

0 1111 1111 01 . . . 0︸ ︷︷ ︸
not all 23 positions are zeros

= sNaN

Operations that produce NaN:

Operation NaN produced by
+ ∞+ (−∞)
× 0×∞
/ 0/0, ∞/∞
rem 0 rem 0, ∞ rem ∞
√ √

x ∀x < 0

(Goldberg 1991)
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Comparison of NaNs

Any comparison to NaN returns false ⇒ when x < NaN fails,
this does not imply x >= NaN
!(x < y) ̸⇔ x >= y
(x == y) == FALSE when x == NaN
Can not sort array of floats with NaNs

(Engelen 2008)
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Using NaNs

For single precision FP, NaNs contain 21 “free” bits
For double precision FP, NaNs contain 50 “free” bits

exponent

(11 bit)sign

fraction

(52 bit)

63 52 0

exponent

(11 bit)sign

fraction

(52 bit)

63 52 0︸ ︷︷ ︸
at least 32 bits free! Enough for a

32-bit pointer...

Dynamic languages (e.g. JavaScript) use “boxed NaN
values”
sNaN is useful for catching uninitialised values
qNaN can represent unknown/unspecified values
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Summary: IEEE 754 special values

Exponent Fraction Denotes
e = emin − 1 f = 0 ±0
e = emin − 1 f ̸= 0 ±0.f × 2emin

emin ≤ e ≤ emax f = ∀n ±1.f × 2e

e = emax + 1 f = 0 ±∞
e = emax + 1 f ̸= 0, NaN

(Goldberg 1991)
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Single precision FP

32-bit number
sign exponent (8 bits) fraction (23 bits)

02331

= 0.15625

30 22 (bit index)

Vectorization: Stannered, CC BY-SA 3.0 via Wikimedia Commons
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Double precision FP

64-bit number
exponent

(11 bit)sign

fraction

(52 bit)

63 52 0

https://en.wikipedia.org/wiki/File:IEEE_754_Double_Floating_Point_Format.svg
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Intel 80 bit extended precision

exponent

(15 bit)sign

fraction

(63 bit)

79 64 0

Integer Part

(1 bit)

BillF4, CC BY-SA 3.0, via Wikimedia Commons

No hidden bit
Just enough precision to compute xy

Intended for intermediate results only

Saulius Gražulis Floating point numbers Vilnius, 2021 17 / 26

https://commons.wikimedia.org/w/index.php?title=User:BillF4
https://creativecommons.org/licenses/by-sa/3.0
https://commons.wikimedia.org/wiki/File:X86_Extended_Floating_Point_Format.svg


.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Intel x87 FP registers

286 x87 Floating-Point Programming

AMD64 Technology 24592—Rev. 3.22—December 2017

Figure 6-2. x87 Physical and Stack Registers

6.2.1.1  Stack Organization

The bank of eight physical data registers, FPR0–FPR7, are organized internally as a stack, 
ST(0)–ST(7). The stack functions like a circular modulo-8 buffer. The stack top can be set by software 
to start at any register position in the bank. Many instructions access the top of stack as well as 
individual registers relative to the top of stack.

6.2.1.2  Stack Pointer

Bits 13:11 of the x87 status word (“x87 Status Word Register (FSW)” on page 287) are the top-of-
stack pointer (TOP). The TOP specifies the mapping of the stack registers onto the physical registers. 
The TOP contains the physical-register index of the location of the top of stack, ST(0). Instructions 
that load operands from memory into an x87 register first decrement the stack pointer and then copy 
the operand (often with conversion to the double-extended-precision format) from memory into the 
decremented top-of-stack register. Instructions that store operands from an x87 register to memory 
copy the operand (often with conversion from the double-extended-precision format) in the top-of-
stack register to memory and then increment the stack pointer.

Figure 6-2 shows the mapping between stack registers and physical registers when the TOP has the 
value 2. Modulo-8 wraparound addressing is used. Pushing a new element onto this stack—for 
example with the FLDZ (floating-point load +0.0) instruction—decrements the TOP to 1, so that 
ST(0) refers to FPR1, and the new top-of-stack is loaded with +0.0.

The architecture provides alternative versions of many instructions that either modify or do not modify 
the TOP as a side effect. For example, FADDP (floating-point add and pop) behaves exactly like 
FADD (floating-point add), except that it pops the stack after completion. Programs that use the x87 

513-134.eps

79 0

13 11

fpr0

TOP

x87
Status
Word fpr1

fpr2

fpr3

fpr4

fpr5

fpr6

fpr7

ST(6)

ST(7)

ST(0)

ST(1)

ST(2)

ST(3)

ST(4)

ST(5)

(AMD 2017)
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Floating point status flags

288 x87 Floating-Point Programming

AMD64 Technology 24592—Rev. 3.22—December 2017

Figure 6-3. x87 Status Word Register (FSW)

The bits in the x87 status word are defined immediately below, starting with bit 0. The six exception 
flags (IE, DE, ZE, OE, UE, PE) plus the stack fault (SF) flag are sticky bits. Once set by the processor, 
such a bit remains set until software clears it. For details about the causes of x87 exceptions indicated 
by bits 6:0, see “x87 Floating-Point Exception Causes” on page 327. For details about the masking of 
x87 exceptions, see “x87 Floating-Point Exception Masking” on page 331. 

6.2.2.1  Invalid-Operation Exception (IE)

Bit 0. The processor sets this bit to 1 when an invalid-operation exception occurs. These exceptions are 
caused by many types of errors, such as an invalid operand or by stack faults. When a stack fault 
causes an IE exception, the stack fault (SF) exception bit is also set. 

6.2.2.2  Denormalized-Operand Exception (DE)

Bit 1. The processor sets this bit to 1 when one of the source operands of an instruction is in 
denormalized form. (See “Denormalized (Tiny) Numbers” on page 301.) 

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

B
C
3

TOP
C
2

C
1

C
0

E
S

S
F

P
E

U
E

O
E

Z
E

D
E

I
E

Bits Mnemonic Description

15 B x87 Floating-Point Unit Busy

14 C3 Condition Code
13:11 TOP Top of Stack Pointer

000 = FPR0
111 = FPR7

10 C2 Condition Code
9 C1 Condition Code
8 C0 Condition Code
7 ES Exception Status
6 SF Stack Fault

Exception Flags
5 PE Precision Exception
4 UE Underflow Exception
3 OE Overflow Exception
2 ZE Zero-Divide Exception
1 DE Denormalized-Operand 

Exception
0 IE Invalid-Operation Exception

(AMD 2017)
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Floating point control flags

x87 Floating-Point Programming 291

24592—Rev. 3.22—December 2017 AMD64 Technology

Figure 6-4. x87 Control Word Register (FCW)

Starting from bit 0, the bits are: 

6.2.3.1  Exception Masks (PM, UM, OM, ZM, DM, IM)

Bits 5:0. Software can set these bits to mask, or clear these bits to unmask, the corresponding six types 
of x87 floating-point exceptions (PE, UE, OE, ZE, DE, IE), which are reported in the x87 status word 
as described in “x87 Status Word Register (FSW)” on page 287. A bit masks its exception type when 
set to 1, and unmasks it when cleared to 0. 

Masking a type of exception causes the processor to handle all subsequent instances of the exception 
type in a default way. Unmasking the exception type causes the processor to branch to the #MF 
exception service routine when an exception occurs. For details about the processor’s responses to 
masked and unmasked exceptions, see “x87 Floating-Point Exception Causes” on page 327. 

6.2.3.2  Precision Control (PC)

Bits 9:8. Software can set this field to specify the precision of x87 floating-point calculations, as 
shown in Table 6-1. Details on each precision are given in “Data Types” on page 297. The default 
precision is double-extended-precision. Precision control affects only the F(I)ADDx, F(I)SUBx, 
F(I)MULx, F(I)DIVx, and FSQRT instructions. For further details on precision, see “Precision” on 
page 307.

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

Reserved Y
R
C

P
C

Res
P
M

U
M

O
M

Z
M

D
M

I
M

Bits Mnemonic Description

12 Y Infinity Bit (80287 compatibility)
11:10 RC Rounding Control
9:8 PC Precision Control

#MF Exception Masks
5 PM Precision Exception Mask
4 UM Underflow Exception Mask
3 OM Overflow Exception Mask
2 ZM Zero-Divide Exception Mask
1 DM Denormalized-Operand Exception Mask
0 IM Invalid-Operation Exception Mask

(AMD 2017)
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Floating point properties

Guaranteed precision of single operations
Except where stated otherwise, every operation shall be per-
formed as if it first produced an intermediate result correct to
infinite precision and with unbounded range, and then rounded
that result according to one of the attributes in this clause.

(IEEE 2019), sect. 4.3

Each representable number has a single representation

FP numbers are ordered as signed magnitude integers!
All of the possible single-precision entities are well ordered in
the natural lexicographic ordering of their machine representa-
tions interpreted as sign-magnitude binary integers

(Cody 1981)
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Example: FP 16-bit code

gcc -c -S \
-m16 -O3 --omit-frame -pointer \
-o single -precision.asm single -precision.c

float parallel( float x, float y )
{

return x*y/(x + y);
}

parallel:
.LFB0:

.cfi_startproc
flds 4(%esp)
flds 8(%esp)
fld %st(1)
fmul %st(1), %st
fxch %st(2)
faddp %st, %st(1)
fdivrp %st, %st(1)
ret
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Example: FP 64-bit code

gcc -c -S \
-O3 --omit-frame -pointer \
-o single -precision.asm single -precision.c

float parallel( float x, float y )
{

return x*y/(x + y);
}

parallel:
.LFB0:

.cfi_startproc
movaps %xmm0, %xmm2
addss %xmm1, %xmm0
mulss %xmm1, %xmm2
divss %xmm0, %xmm2
movaps %xmm2, %xmm0
ret
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Floating point alternatives

Rational arithmetic
Tapered floating point
J. Gustafson’s Unum number system (Gustafson 2015)
Logarithmic number systems (Coleman et al. 2008; Ismail
et al. 2011)
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Take home messages

Floating point numbers approximate mathematical real
numbers
Usually a normalised representation is used
Special codes are used for denormalised numbers,
infinities, NaNs, ±0

Each IEEE 754 floating point (FP) entity has a unique bit
representation, and each bit representation represents an
FP entity
Some FP objects (e.g. NaNs) have mathematical properties
(e.g. in comparisons) different from those of regular real
numbers
Alternatives and further developments of FP arithmetic are
being researched
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